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Part I

e Complete the following sentences in order to obtain true propositions. The items
are independent from each other.

e There is no need to justify your answers.

(a) (12) Concerning the set:
S={zreR:|zv—4] <2} U{7,8,9}.

we may conclude that:

o cl(S) = i (closure of S)

The set of accumulation points of S'is ...

® Max S = ...coorernnnns (maximum of S)
e The set S is a neighbourhood of z = ....... (give an example of one element of
5)



(b) (10) Let (gn)nen be a geometric progression of positive terms such that go = 6
and g3 = 2. Then:

e The ratio of (gn)nen IS T = veeenee. and g1 = ...oceeennn

@ T e, (general term of (g, )nen)
+oo

> =
n=2

(¢) (9) Consider the real maps f and g such that

f(:z:):z;i, x# —1 and g(z) =z, x>0.

Then:

(d) (6) Let a € R. Consider a twice differentiable map f : R — R such that its second-
order Taylor polynomial centered at x = a is:

Py(z) =5 —3(x —a) +4(x — a)*.

Then:

e Atz = a, the graph of f hasits concavity turned ................... (upwards/downwards).



(e) (9) Consider a differentiable map f : R — R such that the tangent line to its graph
at the point x = 3 is defined by the equation y = —2z 4 10. Then:

e Using the linear approximation, f(3.05) & ...............

(f) (9) Consider the map F': R — R defined by:

(g) (12) In the vector space R3, consider the vectors @ = (2, —1,3), ¥ = (1,2,0), and
w = (k,1,—1), where k € R. We may conclude that:

o If k=1, then 24 — 3(0+ W) = (..., ..., ...0).

14) Consider the matrix = € Moyo and n € N. erefore:
h C der th M g zl,) Moo (R d N. Theref

e The zeros of det(M — AI), where I is the identity matrix in Myo(R), are



(i) (9) Consider the linear system AX = B with 3 variables 1, 9, x3. Let A be a4 x 3
matrix and [A|B] its augmented matrix.

o Ifr(A) =2and r(A|B) = 2, the system is classified as ..........ccccceoviiiiiiiiiniiiin
and its degree of freedom is ............

e For the system to be consistent and defined (unique solution), the rank r(A)
would have to be .........................

Part 11

e Give your answers in exact form.

e In order to receive credit, you must show all of your work. If you do not indicate
the way in which you solve a problem, you may get little or no credit for it, even if
your answer is correct.

1. Using the Principle of Mathematical Induction, prove the following equality for
alln € N:

n

> (2i—1)=n

i=1

2. Consider the continuous function f : R — R defined by:

V1i+kr—1

ifxz>0

T
fle) =91 if 2 =0
e + bx ifz <0

where a, b, k € R.
(a) Show that k = 2.

(b) Determine the relationship between a and b such that f is differentiable at
x = 0.

(c) Assume a =2 and b = 1. Find the value ¢ € (—1,0) such that:



3. Consider the function f(z) = 2=, z € R.

V14z2

(a) Using the substitution u = 1 + 22, compute [ f(z)dx.

(b) Let R be the region bounded by the graph of f, the z-axis, and the vertical lines
z =0 and z = v/3. Calculate the exact value of the area of R.

4. Consider the matrix M € M3, 3(R) and the matrix P € Mj,3(R) defined by:

A1 1 10
M=|1 X and P=1(0 1 1
11 1 01

S = =

where A € R.
(a) Determine the values of A for which the columns of M are linearly dependent.
(b) Show that P is invertible and calculate det(2P~! - M) in terms of .

(c) Find the values of A for which the system (M —MT7)v = 0, v € R?, has infinitely
many solutions.

5. Consider the following system of linear equations with parameters a,b € R and

variables x, y, 2.
(a—1lz+y+z=1
r+(a—1ly+z=>
r+y+(a—1)z=10"

Classify the system (consistent, inconsistent, unique solution, or infinitely many so-
lutions) according to the values of the parameters a and b.
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